A new locking-free strain-based finite element formulation for the numerical treatment of linear static analysis of two-layer planar composite beams with interlayer slip is proposed. In this formulation, the modified principle of virtual work is introduced as a basis for the finite element discretization. The 
Introduction
Multi-layered structures have been playing an increasingly important role in different areas of engineering practice, perhaps most notably in civil, automotive, aerospace and aeronautic technology. Classical cases of such structures in civil engineering are steel-concrete composite beams in buildings and bridges, wood-concrete floor systems, coupled shear walls, concrete beams externally reinforced with laminates, sandwich beams, and many more. It is well known, that the behaviour of these structures largely depends on different materials of individual components and by the type of their connection. There exist many ways how to obtain the connection between the components. Usually, mechanical shear connectors are employed to provide a desired composite action. With the use of rigid shear connectors, a full shear connection and full composite action between the individual components can be achieved. Consequently, conventional principles of the solid beam analysis can be employed. Unfortunately, the full shear connection can hardly be materializied in practice and thus only an incomplete or partial interaction between the layers can be obtained and an interlayer slip often develops. In some cases it significantly effects the mechanical behaviour of composite systems.
Hence, the inclusion of the interlayer-slip effect into multi-layered beam theory is essential for optimal design and accurate representation of the actual mechanical behaviour of multi-layered structures with partial interaction between the components. Many efforts and large number of research studies have been devoted to obtaining the solution of the aforementioned problem. Early studies on beams with partial interaction between the layers were based on the assumptions of linear elastic material models and the Euler-Bernouli hypothesis of plane sections. Perhaps the first but certainly the most quoted partial action theory was developed by Newmark et al. [1] . Up to now, a number of elastic theories have been developed and presented in professional literature [2] [3] [4] [5] [6] [7] [8] [9] . The main disadvantage of all these elastic theories and their closed form analytical solutions is that they could be obtained only for problems with simple geometry, loading and boundary conditions. Therefore, in recent years numerous investigators have refined these theories to incorporate several aspects of non-linear geometric and material behaviour [10] [11] [12] [13] [14] as well as torsion [15] , time dependent effects [8] , uplift [16] and dynamics [17] . Such complex problems are usually solved using numerical methods such as finite difference methods and finite element methods. Among all those numerical methods, the majority of researchers have employed the displacement-based [16, 18] , force-based [19] and mixed [18] [19] [20] [21] [22] finite element method. It is well known, that finite element models which use low-order interpolation and a few finite elements experience so-called slip locking for high values of stiffness of the shear connection [18, 21] . This locking is due to the inconsistent approximation of different fields governing the beam model. It is possible to reduce or completely eliminate locking by lowering the degree of interpolation functions for the slip or by introducing elements with larger numbers of degrees of freedom [18, 21] .
Besides, one of the basic assumptions of all aforementioned models with partial interaction between the layers was the most commonly used Euler-Bernoulli beam theory for each individual layer, respectively. The main shortcoming of the classical Euler-Bernoulli beam theory is that no transverse shear deformation is allowed for. This implies an infinite shear stiffness of individual layer. Since, in reality, no material exists that possesses such a property, the suitability of the Euler-Bernoulli beam theory for composite beams with an interlayer slip can be questioned, especially for thick and short composite beams. In these cases, the application of the Timoshenko composite beam with an interlayer slip [23] , and no reports on the finite element formulation of Timoshenko composite beams with the partial interaction between the layers. In the present paper, we aim to fill this gap.
The objective of this paper is two-fold. Firstly, we present a new locking-free strain-based finite element formulation for the linear static analysis of two-layer planar beams with interlayer slip. In this formulation, the principle of virtual work has been employed as a basis for the finite element discretization. Thus, we have proposed a modified form of the principle of virtual work by including the linear kinematic equations as constraining equations by a procedure, similar to that of Lagrangian multipliers. In this way we eliminate the displacement field vector from the principle of virtual work. As a result, the strain field vector remains the only unknown function to be approximated in the finite element implementation. This means, that only the extensional strains and pseudocurvatures of reference axis of individual layers and transverse shear strains of layer cross-sections need to be interpolated. Furthermore, the present approach uses the concept of the consistent equilibrium of constitutive and equilibrium-based stress-resultants [24] and the Galerkin type of the finite element formulation is employed [25] .
In contrast with many of the aforementioned displacements-based, force-based and mixed finite element formulations of composite beams with interlayer slip, the present formulation is completely locking-free.
Consequently, the ambiguous selection of consistent polynomial approximations for physically different field variables can thus be fully avoided.
The second objective of the present paper is the incorporation of the transverse shear deformation into the two-layer composite beam theory with an interlayer slip. The Timoshenko beam theory for each of the individual layer has been adopted. Since, the distribution of the transverse shear strain in the Timoshenko beam theory is assumed to be constant across the cross-section, the shear correction factor is necessary to use [26] 
In Eqs. (1) and (2), and in all further expressions, the notations (•) a and (•) b denote whether quantities correspond to layer a or b. Thus, functions
, ϕ a (x) denote the longitudinal displacement along the direction of the reference axis, the transverse displacement, and the rotation of the cross-section of layer a with respect to the base vectors E x , E z and E y , 
} by the linearized Reissner's kinematic equations [9, 12] :
In Eqs.(3-5) the prime ( ) denotes the first derivative with respect to either
x or x * , whereas functions ε, γ, κ mark the extensional strain, the transverse shear strain and the pseudocurvature of the individual layer, respectively.
Conjugate to these strains we have stress resultants
, the transverse shear forces
layer. In order to relate the equilibrium axial and shear forces, and the equilibrium moments to material models of layers, we introduce a set of constitutive equations which assures the balance of the equilibrium and constitutive cross-sectional resultants. For linear elastic material, the
given in terms of the components of the generalized strain vectors ε a and ε b .
Thus the constitutive equations of layers are defined by equations
in which A a ,A b are the areas of cross-sections, E a ,E b are the elastic modulus, Once the layers are connected together, the upper layer is constrained to follow the deformation of lower layer, and vice versa. As already stated, the layers can slip along each other, but their transverse separation or penetration is not allowed. This fact is expressed by the kinematic-constraint
where x ∈ I a , x * ∈ I b are undeformed coordinates of two distinct particles of layers a and b which are in the deformed state in contact, and thus their vector-valued functions R a (x, z) and R b (x * , z) coincide (see Fig. 1 ). Eq. (12) can be rewritten in a more convenient component form:
The relative displacements (slip) that occurs between the two particles which coincide in the undeformed configuration is denoted by ∆, and is in the case of geometrically linear beam theory simply given by
In the present paper, the linear constitutive law of the bond slip between the layers is assumed.
where K represents the interlayer slip modulus. For a detailed explanation of the constraining equations, a reader is directed to the Refs. [9, [11] [12] [13] 23] .
Assuming strains, displacements, rotations and slips to be small quantities, the Eqs. (3-5) can be simplified using the following two assumptions (see, e.g. [12] ): (i) dx ≈ dx * ; (ii) vertical deflections of the reference axis of individual layers are equal w
Thus, all quantities of layer b are equal at x and x * , e.g.
to the last two assumptions, the arguments in the following equations can be omitted. This implies that a simplified version of the Eqs. (3-5) reads:
Since the constraining equations define the conditions that assemble an individual layer into a layered composite beam, the Eqs. (17) (18) (19) are not independent of each other. The application of Eqs. (18) (19) to the first and second derivative of Eq. (14) with respect to x, gives modified Eqs. (18) (19) by which the rotations and pseudocurvatures of layers are constrained to each other. According to the above simplification, the modified kinematic equations of the two-layer Timoshenko beam read
The modified principle of virtual work and its finite element formulation
The principle of virtual work states that the difference of virtual works of internal and external forces is zero (26), the strain-based principle of virtual work called a modified principle of virtual work is derived [12, 25] 
This strain-based formulation offers a number of advantages, such as a consistent cross-sectional equilibrium and a derivation of locking-free strain-based finite elements. The functional (27) 
represent the Euler-Lagrange multipliers (in this case, the forces and moments in global coordinate system), fully describe the functional (27) . In the finite element implementation of the principle, we need to interpolate five strain functions
, κ a (x) and their variations. In this way, the reference axis of the two-layer Timoshenko beam is divided into finite elements.
Within each element, the strain functions and their variations are interpolated. For the interpolation of the strain functions, the Lagrangian polynomials P n (n = 1, 2, . . . , N I ) of degree N I − 1 are employed.
Additionally, it is assumed that the variations of strain functions are approximated by the Dirac δ-function. The definition of Dirac-delta function, collocation method and the fundamental lemma of the calculus of variation used to derive the discrete system of Euler-Lagrange equations can be found in [29] . The selection of the collocation points
is crucial in obtaining a well conditioned system of equations and a convergent solution. Thus, the interpolation of the unknowns takes the form
Discrete values ε a n , ε 
are identically satisfied, the boundary forces (27) and using the fundamental lema of the calculus of variation yield the discrete system of Euler-Lagrange equations of the principle: Tables 1-4 for collocation points distributed equidistantly including boundary nodes (E), by Lobatto (L), Gaussian (G), and Chebyshev (C) quadrature points.
Since the type and the degree of numerical integration are always chosen such that numerical integration is exact, their influence on the results is not investigated.
As mentioned above, a variety of finite elements and element meshes have been applied. The simply supported two-layer Timoshenko beam has been modeled by 1, 2, 4, 8, 10, 20, 50, 100 and 1000 elements with 0, 1 st , 2 nd ,. . ., 5 th degree interpolation polynomials, here termed by E 0 , E 1 , E 2 , . . ., E 5 . By employing only one element E 0 and E 1 , the relative error of the computed mid-point vertical deflection and interlayer slip is significant; by increasing the number of elements E 0 and E 1 , the error decreases but, the convergence to the reference solution is relatively slow. On the other hand, the error is much smaller and the convergence is much faster, if, the degree of interpolation polynomials is increased. As observed from Tables 1-4, 2 elements E 4 , 4 elements E 3 , 8 or 10 elements E 2 , 1000 elements E 0 , or only one element E 5 give the mid-point vertical deflection and interlayer slip which are accurate to 6 digits. Note that good agreement between the various collocation schemes is observed. Different choices of the location of the collocation points give nearly identical results for elements E 2 -E 5 , but not for elements E 1 . In this case, the Gaussian (G) collocation scheme indicates to be the most appropriate. It can also be observed from Tables 1-4 that the norm M C − M 2 decreases uniformly by increasing the number of elements and the order of interpolation functions. We may then conclude that the present finite element solution is convergent to the reference one.
Another advantage of the present finite elements is, that they are completely locking-free. It is well known, that the inherent disadvantage of some finite element models is the so-called locking. In the case of Timoshenko composite beam finite elements with an interlayer slip, the typical locking problems are shear and slip locking. The latter strongly depends on the connection stiffness [18, 21] . This is a problem of particular interest especially in the case of high connection stiffnesses, where the slip oscillations may occur [18, 21] . In order to show that the present finite elements are slip-locking-free, the distribution of interlayer slip along the span of a simply supported beam is shown for low (Fig. 3) and high (Fig. 4) connection stiffness. It can be observed, that in both cases, the finite elements posses neither slip-locking nor slip oscillations.
Only the results for one and two elements with low order interpolation polynomials are shown (e.g. The next example will demonstrate the application of the present locking-free strain-besed finite element method to stress-strain analysis of more complex structures. We consider a continuous asymmetric Timoshenko composite beam over two spans with the interlayer slip modulus K = 0.243 kN/m 2 . The descriptive geometric, material and loading data are described in Fig. 6 . List of figures Table 1 The comparison of numerical results for one element with the reference solution. Table 2 The comparison of numerical results with the reference solution. Table 3 The comparison of numerical results with the reference solution. Table 4 The comparison of numerical results for constant interpolation with the reference solution. 
